We discuss the effects of disorder in time-reversal invariant topological insulators and superconductors in three spatial dimensions. For three-dimensional topological insulator in symplectic (AII) symmetry class, the phase diagram in the presence of disorder and a mass term, which drives a transition between trivial and topological insulator phases, is computed numerically by the transfer matrix method. The numerics is supplemented by a field theory analysis (the large-N f expansion where N f is the number of valleys or Dirac cones), from which we obtain the correlation length exponent, and several anomalous dimensions at a non-trivial critical point separating a metallic phase and a Dirac semi-metal. A similar field theory approach is developed for disorder-driven transitions in symmetry class AIII, CI, and DIII. For these three symmetry classes, where topological superconductors are characterized by integer topological invariant, a complementary description is given in terms of the non-linear sigma model supplemented with a topological term which is a three-dimensional analogue of the Pruisken term in the integer quantum Hall effect.
I. INTRODUCTION
A topological phase is a gapped quantum state of matter with non-trivial quantum correlation (entanglement). Their key distinction from trivial states a band insulator, say, lies in the fact that they support stable gapless boundary modes when terminated by a boundary. A systematic classification of topological insulators and superconductors in all Altland-Zirnbauer symmetry classes 1 and in all dimensions was obtained, revealing mod 2 and 8 periodicities in dimensionality and symmetry classes.
2-4
It was found in any dimensions there exist topologically non-trivial insulators or superconductors for five out of ten Altland and Zirnbauer symmetry classes.
In three spatial dimensions, among the five symmetry classes is symplectic (spin-orbit) symmetry class (class AII), in which Z 2 topological insulators can be realized. [5] [6] [7] [8] [9] [10] A number of materials with non-trivial Z 2 topological number have been discovered, starting from Bismuth-Antimony alloys. (See, for a partial list of such materials, Refs. 11-14.) Topological superconductors that are possible in three dimensions are all time-reversal symmetric; they are realized in symmetry class CI (conserved SU(2) spin rotation symmetry), AIII (partially conserved SU(2) spin rotation symmetry), and DIII (no SU(2) spin rotation symmetry). In these symmetry classes topologically different gapped states are characterized in the bulk by an integral, as opposed to Z 2 , topological number ν defined in terms of the spectral projector in momentum space. In these topological superconductors, the Bogoliubov quasiparticles are fully gapped in the bulk by the (mean field) pairing gap, and the system is a thermal insulator. (When z-component of spin is a good quantum number as in symmetry class CI and AIII, spin transport can be discussed; topological superconductors in these classes are a spin insulator in the bulk.) On the other hand, when such three-dimensional (3d) topological superconductors are terminated by a 2d surface, they can support gapless and stable Dirac (class AIII and CI) or Majorana (class DIII) surface modes, the multiplicity (number of Dirac or Majorana cones) of which is specified by the bulk topological number ν. The fermionic quasiparticles in the B phase of 3 He (the BW state) realize an example of topological superconductor (superfluid) in class DIII. Singlet BCS pairing models on the diamond and cubic lattices that realize a topological superconductor in class CI have also been proposed.
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While topological insulators and superconductors are stable against weak perturbations, with strong perturbations, they can undergo a (continuous) quantum phase transition into a different phase. For example, if one can tune the chemical potential in the BW state, there is a transition between a trivial phase (strong pairing phase) and a topological phase (weak pairing phase). Likewise in the quantum Hall effect (QHE), strong enough disorder can also destroy the topological insulators and superconductors, and drive a system, through a continuous quantum phase transition, into a metal or other topological/trivial phases. This paper is devoted to study such quantum phase transitions among topological (electrical, thermal or spin) insulators, trivial insulators, and a metal, in symmetry class AII, and in three Bogoliubov-de Gennes (BdG) symmetry classes CI, AIII and DIII. These quantum phase transitions can be induced by changing parameters that modify the band structure and wavefunctions, and also by introducing disorder; both of these perturbations are assumed to be preserving discrete symmetries defining these symmetry classes.
A. main results and outline of the paper a. symplectic (AII) symmetry class We start, in Sec. II, by introducing a 3d Dirac-type Hamiltonian on the cubic lattice in symplectic (AII) symmetry class, which realizes a topological insulator, a trivial insulator, and a phase transition between these two. In Subsec. II B, the phase diagram in the presence of a mass term and disorder is determined numerically by the transfer matrix method. (For earlier studies, see, for example, Refs. 17-20.) We observe that with disorder the phase boundary between topological and trivial phases is renormalized, and in particular the topological phase gets "enlarged". This means, as we pass through along a particular cut in the phase diagram, we can turn a trivial insulator into a topological one by increasing disorder strength ("topological Anderson insulator").
The numerical analysis is supplemented with a field theory analysis (the large-N f expansion of a GrossNeveu-type model where N f is the number of valleys or Dirac cones), in Subsec. II C, from which we obtain the correlation length exponent, several anomalous dimensions at non-trivial critical point, and dynamical exponent.
b. BdG symmetry classes AIII, DIII and CI In time-reversal symmetric superconducting symmetry classes (class AIII, DIII and CI), we will develop, in Sec. III, a similar large-N f field theory approach in terms of chiral Gross-Neveu-or Nambu-Jona-Lasinio-type models and their large-N f expansion.
While description in terms of these fermionic field theories are reliable for a region of the phase diagram where spin or thermal conductivity is relatively small (in particular near the clean fixed point separating trivial and topological superconductors), deep in a spin or thermal metallic phase, on the other hand, a complementary description in terms of the non-linear sigma model (NLσM) is possible [Subsec. III D]. For these three symmetry classes, where topological superconductors are characterized by the integer topological invariant ν, the NLσMs can be supplemented with a topological term which is of integer type (related to π 3 (G/H) = Z of the NLσM target space G/H); it is a higher dimensional analogue of the Pruisken term in the QHE [21] [22] [23] . We will compute the theta angle in the topological term in terms of microscopic parameters (the fermion mass and the imaginary part of the fermion self-energy in the self-consistent Born approximation). While we do not have an analytical tool to analyze the effects of the topological term on the nature of Anderson metal-insulator transitions, we will speculate on possible RG flows in terms of diagonal spin or thermal conductivity and the theta parameter. 
where c † x , c x represents the four-component fermion creation/annihilation operator defined on a site x on the 3d cubic lattice spanned by three orthogonal unit vectors e k=x,y,z , and the 4 × 4 gamma matrices in the Dirac representation are given by
with σ k=1,2,3 being the standard Pauli matrices. In momentum space, the Hamiltonian is written as
where
For arbitrary values of the parameters t, m, r ∈ R, the Hamiltonian is timereversal symmetric, (iσ y )H * 0 (−k)(−iσ y ) = H 0 (k). In the following we fix the Wilson parameter (r) and the hopping amplitude (t) as r = 1 and t = 2.
As we change m in the Hamiltonian, we can realize the trivial insulator, the Z 2 topological insulator, and also a quantum critical point separating trivial and topological insulators:
• For m < −6, −4 < m < −2 and 0 < m, H 0 realizes a trivial insulator whereas
• for −6 < m < −4 and −2 < m < 0, H 0 realizes a topological insulator.
In the following we will mainly focus on the region near m = 0. We add, to H 0 , the following disorder potential
which is time-reversal symmetric, and where the random variable v x is distributed between −W/2 and W/2 according to the box-distribution.
When we are close to a quantum critical point, say, at m = 0, the tight binding Hamiltonian can be described in terms of its continuum limit, which takes the form of 3d massive Dirac Hamiltonian
where the summation over repeated indices k = 1, 2, 3 is implicit, and V represents a disorder potential. For any realization of disorder, the continuum Hamiltonian (5) satisfies time-reversal symmetry
The clean part of the Hamiltonian (5) H 0 realizes, depending on the sign of the mass term m ∈ R, a topologically trivial and non-trivial insulator in symmetry class AII, each of which is characterized by the vanishing and non-vanishing, respectively, of the Z 2 invariant. When m = 0 and in the absence of disorder, the spectrum is gapless whilst the dc conductivity is zero, σ xx = 0. This should be compared with the "universal" finite conductivity in the 2d Dirac Hamiltonian.
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B. numerics c. transfer matrix method In this section, we will study numerically effects of disorder in the 3d Dirac model. Below, we use the transfer matrix to study the random Hamiltonian H = H 0 + V . To this end, we write the "Dirac equation" for the single-particle wavefunction ψ(x, σ) = ψ(r, σ) n at a given energy E in the following form:
Here we decomposed the 3d spatial coordinates x in terms of its x-and y-components r and its z-component n, x = (r, n), and H (n) is the Hamiltonian for the nth cross section. As shown in Appendix A, this can be represented as
The size of each slice with fixed n is L × L, so that M
is a 4L × 4L matrix. We will denote the length of the z-direction by N . We study numerically the dependence of the smallest Lyapunov exponent of the transfer matrix M , as a function of the width L 2 of the quasi-one dimensional system. Lyapunov exponents are self-averaging random variables for an infinitely long quasi-one dimensional system, N → ∞.
The eigenvalues of the Hermitian matrix M † M are written as exp(±2X j ) with 0 < X 1 < X 2 < . . . < X 4L . The decay length ξ L is then given by
The decay length ξ L is a finite and self-averaging length scale that controls the exponential decay of the Landauer conductance for any fixed width L of the infinitely long quasi-one dimensional system. It is of course impossible to study infinitely long quasi-one dimensional lattice models numerically and we shall approximate ξ L with ξ L,N obtained from the Lyapunov exponents of a finite but long quasi-one dimensional network model made of N slices. In our numerics we have set N = 1×10 5 ∼ 5×10 6 . As shown by MacKinnon and Kramer, 27 criticality can be accessed from the dependence of the normalized decay length
on the width L of the quasi-one dimensional system. As usual, Λ L is required to be written as Λ L = f (L/ξ) on the basis of the single-parameter scaling hypothesis, where ξ is the (3d) localization length. At the critical point the localization length diverges according to the power low ξ ∼ |x − x c | −1/ν upon tuning of a single microscopic parameter x (disorder strength W or mass m in the following).
The numerically computed normalized decay length is shown for m = 0 and for different disorder strength in Fig. 1 . The plots for different values of L (=6, 8, 10, and 12) cross at a single point W ∼ 3.9, signaling an insulator-to-metal transition. The inset shows Λ L as a function of L/ξ with the help of the one-parameter scaling ansatz. In a metallic region Λ L fits well with a typical metal-insulator transition behavior, while in the insulating phase L-dependence gets severer at weak disorder. This is so since in the insulating phase, the presence of the band gap would complicate the scaling analysis. The fact that in the insulating side the data are not well fit by the scaling curve also makes the unambiguous determination of the critical exponent difficult. A similar problem was observed in the metal-insulator transition in the 2d quantum spin Hall systems. [28] [29] [30] A special effort on our 3d model will be made elsewhere.
d. structure of the phase diagram In Fig. 2 , the numerically determined phase diagram is shown. Observe that as we increase disorder the phase boundary separating trivial and topological insulators gets shifted toward the large mass region, i.e., the trivial insulator region becomes topologically non-trivial as disorder strength increases. This disorder-induced topological insulating phase has been found first in two dimensions [31] [32] [33] [34] and recently in three dimensions 19, 20 , and thereby referred to as "topological Anderson insulator". (However, one should note that the determination of the phase boundary between the two insulating phases is rather difficult numerically since in an insulator the L dependence of the decay length is intrinsically small.) While it is not depicted here, in the strong disorder limit, we expect there should be another phase boundary separating the metallic phase and an insulator.
C. field theory
We now study the metal insulator transition from field theory point of view. Our starting point is the continuum limit of the lattice tight-binding model, Eq. (5),
With time reversal symmetry, the disorder potential V can be expanded in terms of σ x,z τ y , σ 0 τ 0,x,z , and σ y τ y , and hence parameterized by six real parameters characterizing disorder. Below, we assume, for simplicity, disorder potentials are distributed according to a Gaussian distribution, and their variances are all equal,
where g is a parameter that characterizes the strength of disorder.
fermionic replica method
We will use the fermionic replica method for quenched disorder averaging. In the fermionic replica method, the discrete symmetry of the problem, time-reversal symmetry, is implemented as a continuous symmetry: invariance under O(2N r ) × O(2N r ) rotations in the replica space where N r is the number of replicas.
In order to study Anderson localization physics, we are after the properties of the single particle retarded (R) and advanced (A) Green's function, (±i0 + − H) −1 , and in particular, the product thereof, where 0 + > 0 is a small imaginary part of the energy needed to regularize poles. For a product of the retarded (R) and advanced (A) Greens functions, ∝ (i0
Here, the total number of components of the fermion field Ψ, Ψ is
where Λ is a diagonal matrix which is ±1 for the retarded/advanced sector, respectively. The fermionic field Ψ incorporates the time-reversal symmetry grading, and can be written as
where χ,χ are two-independent fermionic fields (we have suppressed the replica indices.); the subscript (· · · ) τ means the block structure displayed in Eq. (15) represents the time-reversal symmetry grading. It will prove convenient to rewrite Eq. (15) in the spin grading in which the block structure displays subspaces with σ = ±:
With these, the action can be written correspondingly as
By introducing four component spinors by
we end up with the functional integral
When 0
In the metallic phase where a small imaginary part in the self-energy is generated spontaneously, this symmetry is broken down to O(2N r ) × O(2N r ). The resulting Nambu-Goldstone mode is the diffuson in the metallic phase.
We can now perform the disorder averaging according to P (V ), resulting in the generating functional
When 0 + is zero, this is a 3d version of the Gross-Neveu model 35 with O(4N r ) internal and O(N f ) flavor symmetries.
saddle point
The disorder-induced four-fermion "interaction" can be decoupled by an auxiliary matrix field
Here, we have introduced N f flavors of fermion fields ψ ιa (ι = 1, . . . , N f ). Equation (22) reduces to the situation we have been discussing when N f = 1, whereas N f > 1 corresponds to the case with N f "valleys". The replicated Lagrangian (22) can be derived from a model similar to (11) will discuss the four-fermion "interaction" term in terms of the large N f expansion below.
As a first step, we now look for a spatially homogeneous, replica symmetric saddle point solution, by setting
This reduces the symmetry O(
The self-consistency conditions for η is given by
where we have introduced the ultra-violet cutoff Λ UV . Anticipating spontaneous breaking of O(4N r ) symmetry, we have set 0 + = 0, as its sole role is to select the pattern of the residual symmetry, O(2N r ) × O(2N r ).
The resulting mean-field (or self-consistent Born) phase diagram is given in Fig. 3 . We identify the phase with η = 0 (the ordered phase with spontaneous O(4N r ) symmetry breaking) as a (diffusive) metallic phase. This metallic phase appears because disorder creates states that fill the pseudo band gap of the Dirac fermions. On the other hand, there are two, trivial and topological, insulating phases with η = 0 which are separated by a phase boundary which runs vertically at m = 0.
In the lattice Dirac model (1) 
1/N f -expansion
Just at the Dirac point, the disorder, which appears as a four fermion interaction in the generating functional, is irrelevant, whereas the mass term is relevant, from the power-counting. The transition between trivial and topological insulators is then described by the clean Dirac point. We will now turn our attention to the non-trivial fixed point at (m, g) = (0, g c ), where g c = 0 is the nontrivial solution to the saddle point equation Eq. (24) . To include 1/N f corrections systematically, we consider the Lagrangian
where repeated flavor and replica indices are implicitly summed, and we have introduced Euclidean gamma matrices γ k = α k , g is the bare coupling and Z ψ , Z W are wavefunction renormalization constants; we have also rescaled the bosonic field W ab properly. These renormalization constants must be adjusted at each order in 1/N f to keep vertex functions (in particular, the fermion propagator, the fermion-boson vertex, and the boson propagator) finite. (See, for example, Refs. 36-39.) To leading order in 1/N f , as we have seen in the saddle point analysis, the expectation value of W (=η) is spontaneously generated if g > g c : the self-consistency equation is
where D γ (= 4) is the dimensionality of the Euclidean gamma matrices. The expectation value η is a physical observable which sets a scale, and hence independent of the UV cutoff. We will go to the non-trivial branch g > g c of the saddle point equation (26) for the most part of our analysis below. This equation relates the bare coupling constant g to the UV cutoff and a physical scale η, and can be considered as a renormalization condition. The fermion propagator to leading order is given by
where we can choose Z ψ = 1 and Σ = η to this order. The factor of 2 reflects the Majorana nature of the fermion fields.
The boson two point function to leading order can be computed by summing over fermion bubble diagrams (see Fig. 4 ), where a, b, c, d = 1, . . . , 4N r , δ q,q ′ := (2π) 3 δ(q − q ′ ), and we have introduced
In the UV limit (i.e., at the critical point g = g c ),
and hence, by choosing the renormalization constant as
The critical exponent ν is given, to leading order in 1/N f , by ν = 1/(d − 2) where d = 3. We now compute next to leading order (the order 1/N f ) correction to the critical exponent ν. First, we compute the wavefunction renormalization and mass renormalization to nextto-leading order. The fermion propagator with 1/N f corrections is given by
From this, we determine the counter terms as
By definition, the critical exponent ν is determined from the divergence of the correction length ξ as a function of the distance from the critical point,
Note also that ξ is inversely proportional to η. On the other hand, to this order, t ∝ Σ d−2 . Combining these,
In particular, when d = 3, N f = 1, D γ = 4, and in the replica limit N r → 0,
The result should be compared with the critical exponent at the conventional Anderson transition in symplectic (AII) symmetry class, which is estimated numerically as ν ∼ 1.3 − 1.4. (See Ref. 40 and references therein.) a. dynamical exponent So far we have been interested in static properties. Some dynamical properties can also be computed within the large-N f expansion. To this end, let us start from the imaginary-time action
Within the imaginary-time action, electron-electron interaction terms such as
be added. As before, disorder can be averaged by the fermionic replica method, and then the subsequent, disorder-induced "interaction" term can be decoupled in terms of the Hubbard-Stratonovich field W (τ, τ ′ , x) as
This action can be studied by the saddle point method.
We assume the saddle point is spatially homogeneous and replica symmetric,
and X(τ, τ ′ ) in frequency space is diagonal
The electron Green function is given by, at the disorder-dominated critical point,
UV . From this, the dynamical exponent is
The Green's function (41) should be contrasted with the non-relativistic case where the disorder induced imaginary part of the self-energy within the self-consistent Born approximation is given by
where τ = 1/[2πρ(ε F )g] is the elastic scattering time with ρ(ε F ) being the density of states at the Fermi energy ε F .
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III. DISORDER IN THREE-DIMENSIONAL TOPOLOGICAL SUPERCONDUCTORS
The Bogoliubov-de Gennes (BdG) Hamiltonian describing the dynamics of fermionic quasiparticles in the superconducting (superfluid) phase realizes, depending on its symmetry properties, six out of ten Altland and Zirnbauer symmetry classes. They can be summarized, in terms of how badly SU(2) spin rotation symmetry is broken, as follows: A family (an ensemble) of BdG Hamiltonians with completely broken spin rotation symmetry is called symmetry class D (no TRS) or DIII (with TRS). When one component (z-component, say) of spin is conserved, symmetry class A (no TRS) and AIII (with TRS) are realized. 42, 43 Finally, when full SU(2) symmetry is preserved, class C (no TRS) and CI (with TRS) are realized.
It is worth mentioning that historically symmetry class A and AIII have been discussed mainly in the context of electronic systems (non BdG systems): In the original paper by Altland and Zirnbauer, class D, DIII, C, and CI are called "BdG classes", but not class A and AIII.
44 Symmetry class A, or unitary class, appears quite generally for electron systems which lack with TRS, and also with any other discrete symmetries. Symmetry class AIII describes an electronic system with broken TRS and with sublattice symmetry; i.e., tight-binding Hamiltonians with bipartite hopping elements only. While sublattice symmetry implies an invariance of the single-particle energy spectrum under reflection about zero energy, this is not related to PHS of BdG systems when a class AIII system is interpreted as describing BdG quasiparticles. Below, when we speak about symmetry class AIII, we will focus on its superconducting interpretation, since sublattice symmetry in electronic systems requires fine-tuning, while class AIII in BdG systems arises more naturally.
In three spatial dimensions, there are three symmetry classes, out of ten Altland and Zirnbauer symmetry classes, for which non-trivial topological phases characterized by an integer topological invariant exist. These are symmetry class CI, AIII and DIII. BdG Hamiltonians in these classes have two discrete symmetries, TRS and PHS of different kind and as a result they anticommute with a unitary matrix. For this reason, topological phases in these symmetry classes are called chiral topological superconductors in Ref. 16 .
In this section, we will discuss effects of disorder in these 3d topological superconductors. For the most part of this section, we will mainly focus on symmetry class AIII. The formalism for classes DIII and CI are largely parallel to class AIII, and will be discussed in Appendix.
A. more descriptions of models b. BdG Hamiltonian The dynamics of quasiparticles deep inside a superconducting phase is described by a BdG Hamiltonian. On a lattice with N sites, which is convenient for the purpose of discussing discrete symmetries of various kind, it can be written as follows:
where H 
where the Pauli matrix t x,y,z is acting on the particlehole grading. In addition to PHS, depending on physical systems, TRS
and rotation symmetry for each spin rotation axis [SU(2) symmetry (a = x, y, z)] :
can be satisfied, where s x,y,z is the Pauli matrix acting on spin indices. Depending on their symmetry properties, BdG Hamiltonians (44) are classified into sub classes D, DIII, A, AIII, C, and CI.
class DIII
When both TRS and PHS are preserved in the BdG Hamiltonian, the relevant symmetry class is symmetry class DIII. Combining TRS and PHS, one can see that a member of class DIII anticommutes with the unitary matrix t x ⊗ s y ,
In this sense, class DIII Hamiltonians have a chiral structure. It is sometimes convenient to take a basis in which the chiral transformation, which is t x ⊗ s y in the present basis, is diagonal. In one of such bases, a class DIII Hamiltonian takes on the form
A canonical example of the class DIII topological superconductor is the B phase of 3 He, 2,25,45,47 which is described, in momentum space, by the following BdG Hamiltonian:
where Ψ † (k) = c † ↑,k , c † ↓,k , c ↑,−k , c ↓,−k is the Nambu spinor composed of fermionic creation/annihilation operators (c † s,k /c s,k ) of a 3 He atom with spin s and momentum k, and the kernel takes the following form:
The matrix elements are given by
where m is the mass of a 3 He atom, µ is the chemical potential, and |∆| is the amplitude of the pair potential. With the d-vector pointing parallel to momentum, there is an isotropic gap everywhere on the 3d fermi surface. The critical point at µ = 0 separates topologically trivial (µ < 0) and non-trivial (µ > 0) phases, which are characterized by the topological invariant ν = 0 and ν = 1, respectively. A recent surface transverse acoustic impedance measurement reported in Ref. 48 and 49 revealed the existence of the surface Majorana Dirac fermion mode on the surface of 3 He-B. Many recently found non-centrosymmetric superconductors also fall into class DIII. 50 The theory of disordered topological superconductor in class DIII which we will present is also relevant to these materials. A Majorana hopping model on the diamond lattice, which realizes trivial (ν = 0) and non-trivial (|ν| = 1) phases, as well as the Dirac Hamiltonian similar to Eq. (51) was discussed in Ref. 51 .
Below, we will consider effects of disorder around this transition separating the weak-strong pairing phases, by perturbing the BdG Hamiltonian (51) by inhomogeneous, time-reversal invariant potential V(x). With a suitable unitary transformation, the full BdG Hamiltonian is written in terms of the gamma matrices (2) as
We will henceforth set |∆| = 1 and drop the O(k 2 ) term in ξ(k), ξ(k) → −µ. 
where ξ σ and δ are an N × N matrix and ξ † σ = ξ σ . Without further constraints, this Hamiltonian is a member of class A (unitary symmetry class). If, in addition to conservation of the z-component of spin, we further impose TRS, we obtain the conditions ξ T ↑ = ξ ↓ and δ = δ † , which can be summarized as
where the Pauli matrices r x,y,z are acting on the particlehole grading. It is also convenient to rewrite the Hamiltonian by rotating the r x,y,z matrices by (r x , r y , r z ) ⇒ (r x , −r z , r y ). In this basis, the class AIII BdG Hamiltonian takes on block off-diagonal form
While we are not aware of any (lattice) BdG Hamiltonian realizing topological superconductor in class AIII, an electronic lattice model of class AIII with non-trivial topological charge ν = 1 is constructed in Ref. 16 . In the continuum, the model can be described in terms of the following massive Dirac Hamiltonian:
class CI
If, in addition to [H 4 , J z ] = 0, we further impose the full SU(2) rotation symmetry, ξ σ and δ are constrained by ξ ↓ = ξ ↑ =: ξ, δ = δ T . This defines symmetry class C. Imposing both full SU(2) rotation and TR symmetries, leads, in addition to ξ ↓ = ξ ↑ and δ = δ T , to ξ * = ξ, and δ * = δ. These conditions can be summarized as
This defines symmetry class CI. Combining these two conditions we can obtain a chiral symmetry, r y H 2 r y = −H 2 . By rotating the r µ matrices as (r x , r y , r z ) ⇒ (r x , −r z , r y ), the class CI Hamiltonian takes on block offdiagonal form
In three dimensions, class CI is the only class which admits non-trivial topological state with SU(2) spin rotation symmetry. A BCS Hamiltonian on the diamond lattice which belongs to symmetry class CI and realizes topological superconductor with ν = 2 was constructed in Ref. 15 . A model on the cubic lattice was also constructed 16 , and it was shown that a defect in such topological SC accumulate a spin 1/2 degree of freedom at its core.
B. continuum Dirac model and fermionic replica method
We now start our discussion on the effects of disorder on topological superconductors. Let us start by considering, as a model of a 3d topological superconductor in class AIII, a 3d massive Dirac Hamiltonian
where D I (x) in V represents a disorder potential. For any value of the mass m 5 and for any realization of disorder, the Hamiltonian (60) satisfies chiral symmetry
As discussed in Ref.
2, H 0 realizes, depending on the sign of the mass term m 5 ∈ R, a topologically trivial and non-trivial superconductor in class AIII, each of which is characterized by the vanishing and nonvanishing, respectively, of the winding number ν defined for the projector introduced in Ref.
2. We assume D I (r) is maximally random according to the distribution
. To discuss effects of disorder, it is convenient to introduce the generating function,
for the retarded Green's functions, where ψ † a , ψ a with a = 1, · · · , N r is a replicated fermionic variable, and
We have introduced N r replicas for the quenched disorder averaging, with N r → 0 at the end of calculation. The 0 + > 0 is introduced for the convergence of the functional integral. The Lagrangian enjoys an U(N r ) symmetry
Due to the chiral symmetry of class AIII, there is an additional (axial) U(N r ) symmetry when 0
Averaging over disorder gives
[Observe that we introduced γ k differently from the case of symmetry class AII, Eq. (25) . For symmetry class AIII, DIII, and CI, we find this convention is more convenient.] This is a 3d version of the chiral Gross-Neveu or the Nambu-JonaLacinio model 52 perturbed by a mass term. The quartic interactions among fermions can be decoupled by the Hubbard-Stratonovich transformation with two Hermitian matrices W and V ,
There are similar Dirac type Hamiltonians describing 3d topological insulators in class CI and DIII, and the following mean-field and large-N f analysis are completely parallel for these classes. In the large-N f calculations, the nature of Nambu-Goldstone fluctuations are different among symmetry classes AIII, DIII, and CI: Roughly, one needs to replace U → O for class DIII, and U → Sp for class CI.
C. large N f -analysis
We now look for a spatially homogeneous, replica symmetric saddle point solution, by setting
It is enough to look for a saddle point with v = 0 and w = 0, since there is a symmetry that relates a saddle point with w = 0 and v = 0 and a saddle point with w = 0 and v = 0. The resulting mean-field (self-consistent Born) phase diagram is essentially the same as Fig. 3 . (We need to replace m → m 5 ). We identify the phase with v = 0 (the ordered phase of the NLσM) as a (diffusive) metallic phase. This metallic phase appears because the disorder creates states that fill the band gap. While it is not depicted here, in the large g limit, there should be an Anderson insulating phase in class CI and class DIII.
On the other hand, in class AIII, it is not necessary to have an Anderson insulator in the large g limit since the beta function in (2 + ǫ) dimensions is positive to all order in perturbation theory, 53 as known in the context of the random hopping (flux) model in one and two dimensions where there is no Anderson localization. For a numerical study of the 3d random hopping model in class AIII, See Ref. 54 . (This result should be considered, however, as the case with zero topological angle, θ = 0, while our system is located at θ = π/2 when m 5 = 0; see below for more discussion.)
Just at the Dirac point, the disorder, which appears as a four fermion interaction in the generating function, is irrelevant, whereas the mass term is relevant, from the power-counting. The transition between trivial and topological insulators is then described by the clean Dirac point.
In the large-N f expansion, the model can be renormalized in a similar way as the class AII Gross-Neveu model (25) . We introduce wavefunction renormalizations Z ψ and Z W and consider the Lagrangian
where we have rescaled bosonic fields properly. To leading order, the fermion propagator and the boson propagator are given by
As in the class AII Gross-Neveu model, several critical exponents can be readily computed within the large-N f approach. For example, the anomalous dimensions of a fermion ψ to leading order in 1/N f is given by
where the fermion Green's function behaves as G(x) ∼ |x| −2−η ψ . In the replica limit, this leading order correction is vanishing. Similarly, the anomalous dimension of the fermion mass is given by
and the anomalous dimension of the "γ 5 " fermion mass is given by
The similar calculations go through for class DIII, and CI. For symmetry class DIII,
and for the anomalous dimension of the fermion mass is given by
D. non-linear sigma models
Deep in the diffusive metallic phase, physics at large distances should be described by the NLσM defined on U(N r ) (AIII), O(2N r ) (DIII), and Sp(N r ) (CI), respectively. The coupling constant of the NLσM plays the role of the longitudinal conductivity σ xx . (To be more precise, in superconductors, σ xx corresponds to either spin or thermal conductivity.) In addition, one should note here that the NLσM for these classes AIII, DIII, and CI can support a topological term in three dimensions: For the NLσM target manifolds G, where G = U(N r ) (AIII), G = O(2N r ) (DIII), and G = Sp(N r ) (CI), the homotopy group is given by π 3 (G) = Z. The NLσM and the topological term can be obtained in the following way (we will focus on symmetry class AIII as an example, but a similar derivation should be possible for class DIII and CI): a saddle point solution in Eq. (67) breaks the global U(N r ) × U(N r ) symmetry down to U(N r ). One then expects the long wave length physics are described in terms of the Nambu-Goldstone modes associated with the symmetry breaking. With the inclusion of the Nambu-Goldstone modes (=fluctuations around the saddle point), the action is
where the slow variations represented by exp(2iγ 0 θ(x)) are the Nambu-Goldstone modes in the NLσM,
The Lagrangian (75) is obtained from Eq. (66) by freezing the longitudinal fluctuations but keeping the transverse fluctuations (i.e., the Nambu-Goldstone modes). The longitudinal fluctuations are gapped and can safely be integrated over, which can renormalize parameters in the effective action. (In symmetry class AIII, it can also generate the so-called Gade term. 53 We do not discuss, however, the effect of the Gade term in this section.) The effective action S eff [U ] for the Nambu-Goldstone modes is then obtained by integrating over fermions,
Expanding the effective action in powers of U and its gradient, and with the Pauli-Villars regularization, 56 the effective action (the NLσM action) is given by
where the topological term
is an integer for any field configuration. The θ angle (topological angle) is given by (see Appendix C)
where m 0 is the imaginary part of the self-energy (within the self-consistent Born approximation), and m R is a mass introduced by the Pauli-Villars regularization. Notice that the topological angle is π when m 5 is 0 (Dirac point) for arbitrary m 0 .
possible two-parameter scaling phase diagram
The presence of the topological term is a direct manifestation of the fact that the metallic phase is adjacent to a topological superconducting phase. The similar topological term in two dimensions, the Pruisken term in the QHE, has a significant implication on the nature of Anderson localization physics, and, in fact, is crucial for the existence of the QHE, and for the plateau transition. The role of such Pruisken term in topological superconductors with broken time-reversal symmetry in two dimensions has been discussed in symmetry class A, D, and C.
57-59
It is not clear what the role is played by the topological term in 3d NLσMs. While controlled calculations near metal-insulator transitions and in the presence of topological terms are in general difficult, below we combine the RG flow of the NLσM for large σ xx with the RG flow around the clean Dirac point from the 1/N fexpansion, to speculate the general structure of the phase diagram. 60 As in the QHE, the phase diagram and the RG flow may be phrased in terms of the two parameters of the 3d NLσM; the NLσM coupling constant 1/σ xx and the topological angle θ.
61
We first discuss the phase diagram for class CI and DIII. (Symmetry class AIII has a complication due to the special nature of its beta function in (2 + ǫ) dimensions -see below). The beta functions for these NLσMs in 3d when θ = 0 are expected to have a zero at finite σ xx , separating stable metallic and Anderson insulating phases. For large σ xx , the RG flow for arbitrary θ = 0 is expected to be similar to the RG flow at θ = 0, while the flow for θ = 0 and for small σ xx needs to be determined. In terms of the massive Dirac model with disorder, on the other hand, σ xx is small around the clean Dirac fermion point (the dc conductivity of the clean 3d Dirac fermion is zero) and θ ∼ π. It is thus tempting to "identify" the point (σ xx , θ) = (0, π) in the NLσM phase diagram as the clean Dirac fixed point, or, at least, to use the Dirac model (i.e., the chiral Gross-Neveu model) to guess the RG flow of the NLσM.
The fermion mass termψγ 5 ψ in the chiral Gross-Neveu model is a relevant perturbation to the clean Dirac fixed point. Also, depending on the sign of the mass, one can drive the clean Dirac fermion either into the topological (ν = 0) or trivial (ν = 0) insulating phase. As the fermion mass corresponds to the theta term in the NLσM, this would suggest the deviation of the theta angle from θ = π is relevant at σ xx = 0. On the other hand, disorder at the clean Dirac fixed point is irrelevant by power-counting. Furthermore, the existence of the UV fixed point (the Gross-Neveu fixed point) in the 1/N f -expansion of the chiral Gross-Neveu model would suggest the existence of a corresponding critical point at θ = π in the NLσM (Fig. 5 ) separating a metallic phase and an insulating phase (which is adiabatically connected the clean 3d Dirac fermion with σ xx = 0).
While we expect the deviation of the theta angle from θ = π is relevant at σ xx = 0 (i.e., at the clean Dirac fixed point), there is an ambiguity on the RG flow around the putative critical point at θ = π and σ xx = 0. If it is relevant, as it is at the clean Dirac point (σ xx , θ) = (0, π), the flow looks like Fig. 5-(a) . An alternative scenario where the theta term is irrelevant at the Gross-Neveu critical point is depicted in Fig. 5-(b) . In these scenarios, an implicit assumption we have made is that there are no other fixed points. Also, we have not considered more exotic possibilities, such as the case where θ is exactly marginal at the Gross-Neveu fixed point. Which one of the two scenarios is realized may be speculated, again, from the large N f approach, by computing the anomalous dimension of the γ 5 fermion mass; See Eqs. (71), (72) , and (73) for relevant calculation. We should, of course, bear in mind that the structure of the phase diagram would be quite different for large N f and for small N f (e.g., N f → 1). In other words, with the inclusion of the N f flavor of Dirac fermions, the model describes, in the absence of disorder, a transition between trivial and topological insulators with ν = N f . This is a highly fine tuned critical point, and might be quite different from the critical point that may exist and be described in the NLσM.
Symmetry class AIII is special in that the beta function in (2 + ǫ)-expansion is always positive; Thus, at θ = 0, there is no metal insulator transition, but we always have a metal. However, as the large-N f expansion (which corresponds to θ = 0) predicts tuning θ = 0 seems to generate a metal-insulator transition. Because of the positivity of the beta function in (2+ǫ) dimensions, it appears that constructing a reasonable conjecture on the two-parameter scaling phase diagram is more complicated.
IV. DISCUSSION
Topological insulators and superconductors are known to be an inherently holographic system; The non-trivial bulk topology [as encoded by a non-vanishing bulk topological invariant such as the Chern (TKNN) 62 integer or the Z 2 invariant in Z 2 topological insulators] has a crucial impact on the Anderson localization problem at boundaries of the system; in fact, Anderson localization is not allowed at the system's boundaries because of topological reasons.
63-65 Such bulk-boundary correspondence served as a guiding principle of classification of topological insulators and superconductors. In this paper, we have investigated Anderson localization problem in the bulk of topological insulators and superconductors in three dimensions; we have explored implications of bulk topology on physics of Anderson localization in the bulk.
In the QHE, the transition between topological phases with different Chern integers is governed by a disorderdominated quantum critical point (the plateau transition). The fact that delocalized (extended) states are possible at the plateau transition is a direct manifestation of a topological character of the system, which is not allowed otherwise in two dimensions with broken timereversal symmetry. In the NLσM description of the QHE, the plateau transition is encoded in the Pruisken term (which also points the existence of edge modes). We can draw a rather close analogy between time-reversal symmetric topological superconductors in three dimensions and the 2d QHE, both of which are characterized by an integer topological invariant in the bulk. We have given a field theory description of metal-insulator transition in terms of the Dirac model of topological superconductors by employing the large-N f expansion, and also in terms of the NLσMs. Although the presence of topological terms in the NLσMs is indicative, it is an open question if the phase diagram is characterized in terms of two parameter scaling, as in the QHE. It is desirable to explore further the structure of the phase diagram and critical behaviors in 3d topological superconductor sys-tems in terms of, say, numerics, preferably in the presence of the non-zero theta angle in the language of the NLσM. This would require more microscopic and physical understanding of the theta angle; e.g., how one should interpret and measure the theta term in a metallic phase.
66,67
Our discussion for symmetry class DIII can be relevant, for example, for 3 He in aerogel, 68,69 although we need to include pair breaking effects. And also Cu-intercalated topological insulators, Cu x Bi 2 Se 3 , 70-73 and many heavy fermion non-centrosymmetric superconductors with antisymmetric spin-orbit coupling. 50 Experimental probes for detecting these systems are, for example, thermal transport, and spin transport when spin or part of spin quantum number is conserved.
74, 75 See, for example, for the anomalous thermal Hall effect by magnons, Ref. 76 .
In the 3d Z 2 topological insulator in symplectic symmetry class, a closer analogy would be the 2d quantum spin Hall effect. We have numerically investigated the structure of the phase diagram by the transfer matrix method, and developed the large-N f field theory approach to a metal-insulator transition. It should be noted, however, the large N f expansion does not distinguish the case of odd N f , for which the one of the insulating states in the phase diagram Fig. 3 is a topologically non-trivial, Z 2 topological insulator, and the case of even N f , for which the one of the insulating states in the phase diagram Fig. 3 is a topologically trivial. While we have imposed the global O(N f ) symmetry in the large N f expansion, perhaps a distinction between even and odd N f would emerge once we study the stability of the UV fixed point (the Gross-Neveu fixed point) that can be reached by the large N f expansion; for example, for even N f , the Gross-Neveu fixed point is unstable against O(N f ) symmetry breaking (and other) perturbations, and the metal-insulator transition is always controlled by the conventional critical point of symplectic symmetry class. In terms of the NLσM description, there is no topological term of any kind in the bulk in symmetry class AII, and hence the transition between the metal and insulating phases is expected in the conventional universality class of symplectic symmetry class, irrespective of the number of flavors. This situation is similar to the Z 2 topological insulators in class AII in two dimensions 29, 30 . While we have discussed the bulk critical behavior, it would be interesting to study boundary critical behaviors; even when a transition between a trivial insulator to a metal and one between a topological insulator to a metal is in the same universality class, at a surface we might observe different critical behavior. This was indeed the case in the 2d symplectic class.
77
Finally, we conclude with some remarks on other symmetry classes in three dimensions.
-For symmetry class CII, a Z 2 topological insulator can be realized in the bulk. 16 While we did not discuss symmetry class CII, a similar field theory analysis can be developed.
-The large-N f technique developed here is also applicable to the Weyl semimetal in symmetry class A, which are realized in the A phase of 3 He and Pyrochlore Iridates.
78,79
-We mention two other symmetry classes for which the corresponding NLσM has a topological term of Z 2 type: in symmetry class C and CII, Z 2 insulators (superconductors) can be realized in four dimensions. Thus, the 3d Z 2 topological term in the corresponding NLσM describes the surface of 4d insulator, but not any isolated 3d system.
In the following, we will assume that the Hamiltonian consists of the disorder-free (H 0 ) and disordered (V) parts,
where the random potential V is assumed to be whitenoise and to be maximally random according to the distribution
with g characterizing the strength of disorder. In order to study Anderson localization physics, we are after the properties of the single particle Green's function G(z) = (z − H) −1 at zero energy, Re z = 0. Since "chiral" symmetry {H, Γ z } = 0 relates retarded and advanced Green's functions at zero energy, we can focus either one of them, the retarded Green's function, say,
, where 0 + > 0 is positive infinitesimal. The generating function for the retarded Green function can be expressed in terms of fermionic
where f † and f are independent fermionic path integral variables.
To perform the 1/N f expansion, we generalize the above functional integral with single flavor to
where the disorder part
is a suitable generalization of H I which couples all flavors equally according to the disorder distribution ∝ exp − tr (D I,ικ D † I,κι )/(2g) .
a. class AIII
Quenched averaging over disorder D I can be done by introducing replicas {f † aι , f † aι } a=1,...,Nr which leads to the replicated Lagrangian
where we have renamed f † , f → ψ † , ψ, and repeated replica and flavor indices are implicitly summed.
When we deal with the relativistic model (massive Dirac model) of the topological superconductor, it will prove convenient to introducē
The Lagrangian is then given as L AIII =ψ aι (Γ z H 0 − iΓ z 0 + )ψ aι (B11) + g 2 ψ aι Γ z ψ bιψbκ Γ z ψ aκ −ψ aι ψ bιψbκ ψ aκ .
The four-fermion interactions in the replica field theories can be decoupled by two auxiliary matrix fields which we call W and V . Depending on symmetry class, these matrix fields satisfy different constraints.
For symmetry class AIII, the fermionic Lagrangian (B11) can be rewritten
where W and V are an N r × N r hermitian matrix. 
where W is a 2N r × 2N r real symmetric matrix, while V is a 2N r × 2N r pure imaginary antisymmetric matrix.
c. class CI
To decouple the four fermion terms in the fermionic Lagrangian (B11) for symmetry class CI, we need to introduce two bosonic fields W aτ,bτ ′ and V aτ,bτ ′ where the first type of index a, b runs over the replica grading, a, b = 1, · · · , N r , and the second type of index τ, τ ′ runs over the particle-hole grading, τ, τ ′ = ±. With these auxiliary fields, the fermionic Lagrangian (B11) can be written as L CI =ψ aσι (Γ z H 0 − i0 + Γ z )δ ab δ στ ψ bτ ι +ψ aσι (W aσ,bτ + iΓ z V aσ,bτ ) ψ bτ ι + 1 4g tr 2 (V ba V ab + W ab W ba ) .
Here in the last line, the 2d trace is taken over the particle-hole space, and V ab and W ab , for the fixed replica indices a and b, are viewed as a 2 × 2 matrix. They are a real quartenion matrix, i.e., they can be expanded as V ab = A + B x (iτ x ) + B y (iτ y ) + B z (iτ z ) and W ab = C + D x (iτ x ) + D y (iτ y ) + D z (iτ z ) with real coefficients A, B x,y,z , C, D x,y,z , and also satisfy (B39)
leading order analysis
To perform the 1/N f expansion, we first compute the propagators of W and V bosons dressed by fermion bubbles. This is depicted diagrammatically in Fig. 4 .
For symmetry class AIII, propagators for W and V bosons are given by
where D(q) is defined in Eg. (29) . Similarly, for class DIII,
for a, b, c, d = 1, . . . , 2N r , and for symmetry class CI,
Appendix C: non-linear sigma models and topological angle for three-dimensional topological superconductors
In this appendix, we will derive the non-linear sigma model with topological term for symmetry class AIII. A similar derivation should be possible for symmetry class DIII and CI as well.
We start from the saddle point solution Eq. (67):
where we have set w = 0 since such saddle points can be reached from (0, v) by continuous U(N r ) × U(N r ) A rotation. I.e., from this saddle point, one can generate other saddle points as vγ 0 exp(2iγ 0 θ) where θ ∈ u(N r ). In other words, non-zero saddle point v destroys the "axial" U(N r ) A symmetry. Such continuous rotation is nothing but the Nambu-Goldstone mode which is the diffuson or Cooperon representing the diffusive motion of fermionic quasiparticles. The coupling of the Nambu-Goldstone mode to fermions are described by L =ψ γ k ∂ k + mγ 5 + vγ 0 e 2iγ 0 θ(r) ψ + const., (C2) where, with space-dependent θ, exp(2iγ 0 θ(r)) represents the Nambu-Goldstone modes, i.e., the fields in the NLσM,
In the following, we will integrate over fermions to derive the effective action of the Nambu-Goldstone mode. We will do not include the longitudinal fluctuations for a while, but it is important as the integration over them leads to the Gade term. 80, 81 . To prepare for the gradient expansion, we will "unwind" U :
where we have renamed v → m 0 and m → m 5 . Thus, our action can be written as
The effective action is obtained by integrating over fermions,
and it can subsequently be expanded in powers of A i , B i and their gradients as
where V = γ i A i + γ 0 γ i B i , and the free propagator is given by . To the 3rd order in the gradient expansion, the effective
